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ABSTRACT 

Bifurcation  of  time  periodic  solutions  and  their  regularity  are 
proved  for  a semilinear  wave  equation  u^^  - u - Au  = f(X,x,u),  x € 

tt  XX 

t e IR,  together  with  Dirichlet  or  Neumann  boundary  conditions  at  x = 0 
and  X = IT . The  set  of  values  of  the  real  parameter  X where  bifurcation 
from  the  trivial  solution  u = 0 occurs  is  dense  in  IR. 
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SIGNIFICANCE  AND  EXPLANATION 


The  linear  wave  equation 


- u - Au  = 0 

tt  XX 


with  boundary  conditions  u(t»0)  = u(t,Tr)  = 0 has  time-periodic  solutions 
of  the  form 


u(t,x)  = g(t)  sin  nx  , 

2 / 2 2” 

if  A < n , in  which  case  g(t)  has  period  2ir//(n  - A ).  In  connection 

with  physical  applications,  it  is  natural  to  ask  whether  time-periodic 
solutions  exist  for  the  following  perturbation  of  the  above  equation: 

u^^  - u - Au  = f(A,x,u)  . 

tt  XX 

The  result  in  this  paper  is  that  nontrivial  solutions  of  the  perturbed  equa- 
tion do  in  fact  exist  when  f(A,x,0)  = f^(A,x,0)  = 0 and  u is  sufficiently 
small.  The  results  apply,  for  instance,  to  the  sine-Gordon  equation 

u - u = p sin  u . 

tt  XX 

Results  of  this  type  are  nontrivial  since  one  can  produce  examples 
where  small  perturbations  of  the  original  equation  possess  no  periodic 
nontrivial  solutions,  e.g. 

2 2 

u^^  - u - Au  = u u^  (A  n ) . 

tt  XX  t 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 


BIFURCATION  OF  PERIODIC  SOLUTIONS  FOR  A SEMI  LI  NEAR  WAVE  EQUATION 
Hansjorq  Kielhofer 

Introduction 

In  this  paper  we  consider  the  following  one  dimensional  semilinear  autonomous  wave 
equation 

(0.1)  u - u - lu  = f(X,x,u),  t 6 IR,  X e (0,ji),  X e ]R  , 

tt  XX 

together  with  either  the  boundary  conditions 
(0.2)j^  u(t,0)  =>  u(t,7i)  = 0 

or 

(0.2)^,  u (t,0)  = u (t,Ti)  = 0 . 

N XX 

We  are  only  interested  in  solutions  u of  (0.1)-(0.2)  which  are  periodic  in  t,  i.e. 

(0.3)  u(t  + P,x)  = u(t,x),  X e [0,n],  t e K,  P > 0 . 

Since  X is  a free  parameter  and  the  period  P is  not  )inown  or  prescribed  a priori, 
we  call  a solution  a triple  (X,u,P)  satisfying  (0.1)-(0.3).  We  assume  f(X,x,0)  = 0 
so  that  u s 0 is  a solution  of  (0.1) -(0.3)  for  all  X and  P.  Following  the  terminology 
used  in  ordinary  differential  equations  we  call  a nontrivial  time  periodic  solution  a 
free  vibration.  In  contrast  to  P.  Rabinowitz  f4J  we  are  not  looJting  for  free  vibrations 
globally  but  only  for  those  which  bifurcate  from  the  trivial  solutions  (X,0,P). 

Our  main  result  is  that  under  the  conditions  f e C^(1R  ^ (O.u)  * ]R)  , 
f(X,x,0)  = f^(X,x,0)  = 0,  (and  also  f^(X,0,u)  = f^(X,TT,u)  =0  in  case  of  boundary 
conditions  (0.2)^),  there  is  a dense  set  A in  IR  and  a corresponding  set  of  periods 
such  that  (^„,0,P  ) is  a bifurcation  point  of  classical  solutions  of  (0.1)-(0.3)  when- 

U IT> 

ever  is  in  A and  P * P (X  ) . 

0 n m 0 

To  be  more  precise,  for  each  ^ ^ there  locally  exists  a continuous  family 
2 

(X(r),u(c),P  ) in  ^ C (H  ^ f0,7r]>  F of  nontrivial  solutions  of  (0.1)-(0.3)  with 
m + 


Sponsored  in  part  by  the  United  States  Army  under  Contract  No.  DAAG29-75-C-0024  and 
in  part  by  the  "Deutsche  Forschunqsqemeinschaft"* under  No.  Ki  227/1. 


(X(0),u(0),P  ) = (X„,0,P  ),  where  c denotes  a pareuneter  and  the  period  P depends 
m 0 m ^ m 

only  on  (and  not  on  c) , so  that  the  solutions  u = u(c)  on  a fixed  branch 

emanating  at  (X.,0,P  ) all  have  the  same  period  P = P (X„) . The  reason  for  the 
0 m m m 0 

subsciipt  m in  P is  that  the  period  is  determined  from  a linearized  problem  correspond- 
m 

ing  to  (0.1)-(0.3),  and  we  choose  P to  be  the  minimal  period  of  that  problem. 

m 

In  Section  1 we  shall  give  an  implicit  definition  of  A as  well  as  an  explicit 
characterization  of  a dense  subset  of  A.  We  emphasize  now  that  A does  not  contain  0. 

It  should  be  observed  that  any  phase  shift  in  t of  a solution  is  again  a solution. 

Thus  we  get  well  defined  branches  only  by  fixing  the  phase. 

Our  main  result  has  the  following  consequences:  Consider  instead  of  (0.1)  the  equation 
(0.4)  u^^  - u^^  - vu  = pg(u),  v,o  e K , 

together  with  the  same  boundary  conditions  (0.2)  and  periodicity  (0.3).  Here  we  assume 

g(0)  = 0 but  0-  By  transforming  (0.4)  into 

(0.5)  u^^  - u^^  - (v  + pg^(0))u  = p(g(u)  - g^(O)u) 

we  get  the  following  results:  Fix  v = u^  e A.  Then  there  exists  a continuous  family 

2 

(p(c),u(c),P  ) in  K xc  (K  X (O.tt))  x k of  nontrivial  classical  solutions  of  (0.4), 
m + 

(0.2)-(0.3)  of  period  P with  (p(0),u(0),P  ) = (0,0, P ).  The  period  P depends  on  v„. 

m mm  m 0 

This  result  corresponds  to  that  of  Melrose  and  Pemberton  [2],  who,  however,  gave  a 
different  and  less  natural  condition  on  g and  did  not  prove  regularity  of  the  wea)c 
solution  u. 

Now  let  v = 0 and  p„e  g (0)A.  Then  there  exists  a family  (p(c),u(c),P  ) of  nontrivial 
0 u m 

solutions  of  (0.4),  (0.2)-(0.3)  with  (p(0),u(0),P  ) = (p-,0,P  ).  This  result  applies 

m 0 m 

to  the  sine-Gordon  equation 

(0.6)  u ^ - u • psin  u 

tt  XX 

together  with  both  boundary  conditions  (0.2).  The  dense  set  of  Pq'^  this  case  is 

exactly  A.  Moreover,  the  nontrivial  solutions  u are  in  C (K  x [0,w)). 

2 

Let  us  return  to  our  main  result  concerning  equation  (0.1).  If  X^  « n , ne  W for  (0.2)^^, 
ne  Kq  « W U{0}  for  (0.2)^,  our  bifurcation  result  is  well  Icnown,  since  the  problem 


-2- 


can  be  reduced  to  an  ordinary  semilinear  Sturin-Liouville  problem.  The  branches  emanating 
2 

at  (n  ,0,P)  consist  of  solutions  u which  do  not  depend  on  t.  Thus  P is  arbitrary. 
Due  to  a result  of  P.  Rabinowitz  15]  all  these  branches  exist  globally.  Therefore  we 


consider  only  the  cases  when  n . If  we  restrict  ourselves  to  the  boundary  condi- 

tions (0.2)  and  if  f does  not  depend  on  x,  we  can  reduce  (O.J)  to  an  ordinary 
differential  equation  by  seeking  solutions  which  are  independent  of  x.  The  ordinary 
differential  equation  u - Xu  = f(X,u)  has  for  every  X < 0 nontrivial  periodic  solu- 
tions of  arbitrarily  small  amplitude,  the  periods  converging  to  if  the  amplitudes 

tend  to  zero.  Thus  in  this  case  every  point  {\  ,0, 2Tr//^)  with  X < 0 is  a bifurcation 

point  of  (0.1),  (0.2)  , (0.3).  If  f depends  on  x,  however,  this  argument  fails. 

N 

2 

Suppose  Xq  ^ n and  f = 0.  Then  the  linear  Dir ichlet-problem  (0,l)-(0.3)  has 

rr 

nontrivial  solutions  (X^,  c sin  nx  cos/n 


Xq  t,  27t/ 


/T 

/n 


Xq)  (or 


/ 2 / 2 ' 

(Xq,  c cos  nx  cos/n  - X^  t,  2ii//n  - X^)  for  the  Neumann  case)  for  each  n f U (n  f 
with  X^  < n^.  The  question  which  naturally  arises  is  whether  at  least  one  of  these 

n — ' 

infinitely  many  branches  emanating  at  (XQ,0,2Ti//n  - X^)  persists  in  a perturbed  form 

for  f * 0.  The  affirmative  answer  to  this  question  is  only  given  for  a dense  set  A of 


Xp's.  The  difficulties  which  arise  on  the  complementary  set  ]R\  {n  }\Awillbe  explained  later. 

We  restrict  ourselves  to  nonlinearities  f(X,x,u)  depending  only  on  the  unJinown 
function  u and  not  on  u or  u^.  Aside  from  the  technical  difficulties  which  arise 

X t 

due  to  the  dependence  on  the  derivatives  of  u (see  the  end  of  Section  1)  there  is  a 
striking  change  in  the  results  for  (0.1)  if  the  nonlinearity  depends  also  on  u^..  For 
example,  consider  the  equation 


(0.7) 


u^^  - u - Xu  = u u^ 

tt  XX  t 


For  X = n the  problem  (0.7),  (0.2)-(0.3)  has  the  time  independent  solutions 

2 2 2 
(n  , c sin  nx,  P)  or  (n  , c cos  nx,  P)  , while  for  \ * t\  it  has  no  solution  but  the 


trivial  one.  So  the  nonlinearity  u u^  does  not  allow  any  nontrivial  branch  of  the 

2 

linearized  problem  to  persist  for  X ^ n . 

In  Section  1 we  consider  the  linearized  problem  (f  r 0).  We  show  the  existence  of  a 


1 

! 


I 

( 


dense  set  A in  K such  that  to  any  X e A there  exists  a minimal  period  P so  that 

0 m 

the  linear  problem  with  ^ only  two  linearly  independent  solutions  of  that 

period  P . By  a decomposition  of  our  basic  function  space  into  the  kernel  of  the  linearized 
m 

problem  and  the  orthogonal  complement  we  get  an  equivalent  system  of  two  equations  to  our 

semilinear  problem  (0.1)-(0.3),  the  period  being  fixed  at  P . The  equation  in  the  kernel 

m 

is  usually  called  the  bifurcation  equation.  This  well  known  method,  which  is  due  to 
Lyapunov  and  Schmidt,  will  be  carried  out  in  Section  2. 

2 

The  difficulties  which  arise  on  the  complementary  set  ]R\{n  }\  A are  the  following: 

either  the  bifurcation  equation  has  to  be  solved  in  an  infinite  dimensional  kernel  or 

the  equation  in  the  orthogonal  complement  gives  rise  to  a small  divisor  problem.  Both 

cases  seem  to  be  rather  difficult  to  treat  and  it  is  an  open  question  whether  the 
2 

complementary  set  ]R\{n  }\  A contains  any  such  that  (X^.O.P)  is  a bifurcation 

point  of  solutions  of  (0.1) -(0.3)  for  some  period  P. 

In  our  approach  we  fix  the  period  P and  consider  only  X as  a bifurcation  para- 

m 

meter.  If  the  period  P is  varied,  as  it  is  for  instance  in  the  case  of  Hopf-bifurcation 
of  time-periodic  solutions  of  semilinear  parabolic  problems,  one  gets  involved  in  small 
divisor  problems  which  seem  to  be  extremely  difficult  since  no  uniform  number  theoretical 
estimates  for  the  divisors  exist  for  a continuum  of  periods. 


Section  1 


We  fix  ^ n , n f Mq,  and  consider  the  lineariz«'d  problems 


(1.1) 

(1.2)^ 


L,u3u^^-u  -X„u=0, 

tt  XX  0 

u (t , 0)  = u (t.  It)  =0 


(1.2) „  u (t,0)  = u (t,Tt)  = 0 , 

N XX 

(1.3)  u(t  + P,x)  = u(t,x)  . 

By  expanding  in  Fourier  series  we  see  that  the  only  possible  values  for  P to  get  non- 

We  fix  n.  e W or  n„  e for  (1.2). 


/2  2 

trivial  solutions  are  2Tin/»n^  - 1^,  n^  > 


.Q  - ..Q  - -g  'D 

or  (1.2)  respectively  and  set  n = 1,  thus  getting  a fixed  period  P = 2t//i  - A in 

N 0 0 

condition  (1.3).  We  now  specify  the  class  of  functions  in  which  we  admit  solutions  u. 

2 

Let  Q = (0,P)  X (0,t)  and  the  real  Sobolev  space  over  Q.  We  define 

Og  = (u  e W^(Q),  u(t,0)  = u(t,t)  = 0,  u(0,x)  = u(P,x),  u^(0,x)  = u^(P,x)) 

D = (u  e W^(Q),  u (t,0)  = u (t,t)  = 0,  u(0,x)  = u(P,x),  u (0,x)  = u (P,x)}  . 

N A X X Hu 

These  definitions  malce  sense  since  u is  continuous  on  [0,P]  x (0,7r]  and  the  functions 
u^,  u^  are  continuous  in  t for  fixed  x and  continuous  i">  x for  fixed  t on  [0,Pl 
and  10,  tt)  respectively.  Generalizing  the  notion  of  a solution  we  replace  (1.1) -(1.3)  by 


(1.4), 


(1.4), 


u = 0,  u e Dg 


L,  u = 0,  u £ D 


The  linear  differential  operator  L acts  in  L (Q)  and  is  endowed  with  the  domains 

*0 

of  definition  and  D.  . (Rigorously  we  should  distinguish  between  L,  with  domain 

D N Ag 

D and  L with  domain  D f but  we  don't  for  the  sake  of  simplicity  of  presentation. 

Also  in  what  follows  we  write  D to  denote  either  or  when  it  is  not  necessary 

D N 

to  distinguish  between  the  two  cases.)  The  two  domains  can  also  be  characterized  in 
the  following  way  by  using  Fourier  series: 


-5- 


D = {u<t,x)  = Re  y y c,  sin  kxe  , c,  ^ (T  , 

D , , kn  kn 

k=l  n=-'” 


I 1 I'^i^  |^(k^  + < “■}  (Re  = real  part) 

k=l  n=-<»  ^ 


“>  «■  ” 'o 

D = {u(t,x)  = Re  y y c,  cos  kxe  , c,  el 

N , ' kn  kn 

k=0  n=-“> 


I 1 2 2 2.2  1 

c,  (k  + n ) 2 ”>  , 

kn 


the  usual  Sobolev  norm  in  being  equivalent  to 


in  both  cases.  Obviously 


(1.4)  is  satisfied  for  a nontrivial  u if  and  only  if 

(1.6)  k^  - n^(n^  _ = 0 

for  some  (k,n)  f H ^ Z or  (k,n)  e U ^ x ^ for  (1.4)^  or  (1.4)  respectively.  In 

0 D N 

the  following  we  distinguish  two  cases: 

1.  is  irrational.  Then  (k,n)  = are  the  only  solutions  of  (1.6).  If 

ker(Lj^  ) denotes  the  kernel  of  the  operator  acting  in  ^2  with  dcwnain  D , 

0 0 
we  have  dim  ker(L.  ) - 2 in  this  case. 

0 p 

2.  Xq  is  rational,  i.e.  “ q with  p € q e W,  p and  q being  relatively 

prime.  Then  (1.6)  is  equivalent  to 

/I  -7^  2,  2 , 2 2 , 2 

(1.7)  q k - (q  n^  - pq)n  = pq  . 

0 

2 2 

(Observe  that  we  assumed  ^ 0*)  “^he  solution  set  of  this  diophantine 

2 2 

equation  (1.7)  is  finite  or  inf  ini  te  depend  ing  on  whether  q - pq  is  the  square 

2 2 2 

of  an  integer  or  not.  Let  q n^  - pq  = r for  some  r f H.  Then  (1.7)  can  be 
written  as 

(qk  + rn)  (qk  - rn)  = pq  , 

which  obviously  has  only  finitely  many  solutions  (k,n)  f U xe  or  ^ Next 

2 2 2 

let  q n^  - pq  ^ r , r e To  treat  this  we  first  solve  Fermat's  equation 

- (q^n^  - pq)t^  = 1,  (s,t)  e K x K . 


-6- 


which  IS  i-'ossible  since  T - pq  ^ 0 is  not  a square  of  an  integer  (see  e.g.  (!]}. 
Now  it  is  easily  verified  that  the  infinite  sequence  in  ^ defined  by 

= sk.  . (qn^  - p)tn. 

"j^l  = ^ "j 

is  in  tho  solution  set  of  (1.7). 

We  summarize: 

2 2 2 

Proposition  1.1.  If  q n^  - pq  = r for  some  r e W,  then  dim  ker  (L^  ) < “>:  if 

2 2 2 ^ 
q n^  - pq  ^ r , re  then  dim  ker  (L^  ) = 

■'o 

In  the  following  we  only  consider  the  case  when  dim  ker(L,  ) < “o.  By  a suitable 
oiioicb  of  n^,  i.e.  of  the  prescribed  period  P,  we  can  reduce  the  dimension  of  the  kernel 


to  two.  For  this  purpose  we  define 

= {^  e ffl,  E # n^,  n e ig„,  q^n^  - pq  = r^  for  some  (n„,r)  e U x K } , 

D q q 0 0 0 

A = (E  e ffl,  E n^,  n e w„,  q^n^  - pq  = r^  for  some  (n„,r)  c n.  x u } . 

Nq  q 0 0*^^  0 0 

Let  A f A (where  A = A or  A ),  p and  q being  relatively  prime.  Obviously  there 
0 D N 

are  cnly  finitely  many  pairs  (n^,r)  e U x u or  x u which  satisfy  the  equation 

2 2 2 /2 
q - pq  = r . The  corresponding  periods  P are  given  by  27T//nQ  ” “ 27rq/r.  If 

we  choose  n^  such  that  the  corresponding  period  is  minimal  among  these  finitely 

many  periods,  then  all  solutions  of  (1.7)  are  given  by  {k,n)  = (nQ»±l).  Indeed,  assume 

there  is  a solution  (k,n)  ^ (n^,+l).  First  of  all  k = if  and  only  if  |nj  = 1.  Our 

It  2 2 2 2 2 

assumption  on  excludes  n = 0.  Thus  |nl  >1,  which  implies  qk  -pq^rn  >r. 

Choosing  = k,  we  get  a period  P < P^,  contradicting  our  assumption  on  P^. 

Proposition  1.2.  Let  r A.  Then  there  exists  a minimal  period  P^  such  that  the 

kernel  of  L,  is  two-dimensional . It  is  spanned  by  sin  n^xsin  (2it/P  )t, 

Aq  Ora 

sin  n xcos(2r/p  )t  for  (1.4)_  or  cos  n xsin(2n/P  )t,  cos  n xcos(2ii/P  )t  for  (1.4) 

0 m D 0 m 0 m N 

(P  = 2x//n^  - A ) . 
m 0 0 


1 


We  give  explicit  subsets  of  and  A^: 


^2sn^  - 1 

A-  = -At— , 

" I s' 


s e z\(0},  n^e  H,  sn^  1 > C , 


2sn  - 1 

A'  =(  -■  ■ ■ , s e z\{o},  n e IN  , sn„  * l}  C A 

N ] 2 OOO/N 


We  finish  Section  1 by  considering  the  'inear  inhomogeneous  problems 


(l.P), 


(1.8). 


= g.  f ' 


L u = h,  u e D , 
Aq  N 


for  and  A^  e A^,  P = respectively.  Obviously  g and  h have  to  be  an 

1 /2 

element  of  the  orthogonal  complements  ker(L.  ) in  L_(Q).  If  P = 2'n/Ai  - X , 

Aq  2 m 0 0 


g(t,x)  = Re  I ^1, 

k=l  n--" 


0 0 


and 


00  00 


h(t,x)  = Re  ^ d cos  l<xe 

k=o  n=-“'  ^ 


n^'  - x't 
0 0 


Ic  n 


then  necessarily  d^  = 0.  Expanding  u in  the  same  way  as  g and  h respectively 

(see  (1.5))  the  coefficients  c,  of  the  solution  u are  given  by 

)<n 


(1.9) 


)cn 


)cn  .2  2,  2 . , , 2.2  2 2 )cn 

)i  ■ " <"o  ■ ^0  " *0  ^ - r n - pq 


for  ()<,n)  * (n^,fl).  This  relation  implies 


(1.10) 


-i.  I 9|d,  I I ()c>n)  ^ (n  ,tl)  . 

)cn  — kn  0 


This  estimate  can’t  be  improved  in  the  sense  that  it  regularizes  the  solution  u.  Consider 
for  example  the  infinite  dimensional  subspace  of  defined  by 


V„  = {u(t,x)  = y y c,  sin  kxe 
D f t kn 

k n 


/g  ’ 

in  /n  - X , t 


, qk  = r In  I 1 . 
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Then 

(1.11)  c = - for  q)?  = r|n|  . 

kn  P kn 

This  means  that  the  "formal"  solution  u of  (1.8)^^ 

/~2  ' 

“ in/n  -At 

r r 0 0 

u(t,x)  = Re  2.  Z ^1, 
k=l 

with  coefficients  c given  by  (1.9)  (which  is  in  fact  a "weak”  solution)  is  only  in 
}cn 

L2(Q)  if  g is  only  in  (Q)  . We  gain  no  regularity  by  solving  (1.8)^.  The  same 

argument  holds  also  for  (1.8)  - Since  we  are  looking  for  solutions  in  the  domains  0_ 

N D 

and  D^,  we  assume  that  g e 0^  n ker(Lj^  )'*’  and  h e ker(L^  . The  estimate 

(1.10)  then  yields: 

Proposition  1.3.  Let  c A and  P = P^.  For  any  g e l~<  ker(Lj^  )'*'  and 

1 1 ° 1 
h f D , ^ ker(L,  ) we  have  exactly  one  solution  u e n ker(L,  ) and  u f D (0  ker(L,  ) 

N Aq  D Aq  N Aq 

of  (1.8)„  and  (1.8)  respectively.  Furthermore 
u N 

l|u||p  1 q||g)lp-  llu||p  1 q||h||p 

where  q is  the  denominator  of  A„  = — e /\. 

0 q 

These  sharp  estimates  (1.12)  cause  the  technical  difficulties  which  arise  when  the 
nonlinearity  f depends  also  on  derivatives  of  u. 


Section  2 


We  write  down  the  nonlinear  problans  as  follows 
(2.1)  L u - uu  = F(i,u),  u f D , M = i . 


(2.1) 


N 


r u - gu  = F(A,u),  u f D 
Aq  n 


The  nonlinear  operator  F is  naturally  given  by 

(2.2)  F(A,u)(t,x)  = f (A ,x,u (t,x) ) 

We  assume : 


(2.3) 

(2.3) . 


f e C («x  (0,7t]  X B)  , f(A,x,0)  = f (A,x,0)  = 0 , 


f^(A,0,u)  = f^(A,Tt,u)  = 0 , 


the  latter  only  in  case  of  boundary  conditions  (0.2)..  It  is  well  l<nown  that  by  the 

N 

2 2 

assumptions  (2.3)  f induces  via  (2.2)  an  everywhere  defined  operator  F : R x W^  (Q)  -*• 
which  is  continuously  Frechet-dif ferentiable  with  respect  to  (A,u)  and  satisfies 


(2.4) 


F(A,0)  = 0,  D,,  ,F(A,0)  = 0 , 

(A  ,u) 


(see  e.g.  [3],  Chap.  I,  §2).  Since  periodicity  and  the  boundary  conditions  are  preserved 
by  F(A,-),  its  restriction  to  and  induce  operators  in  and  0^^  respec- 

tively with  the  same  properties. 

Proposition  2.1.  F : H x D -*■  D is  an  everywhere  defined  continuously  Frechet- 

dif  ferentiable  operator  satisfying  (2.4) . 

Let  A e A and  P = P such  that  dira)«er(L.  ) = 2.  We  define  the  orthogonal  projector 
0 m Aj^ 


(2.5) 


P : D ■+  )ter(L,  ) C D 
° *0 


as  follows:  P^u  = (u,'/!  + (Uji^  )'P  , where  ( , ) denotes  the  scalar  product  in  the 


complex  space  (Q)  and 


(2.6), 


(2.6). 


■•■yi 

.’■yr 


+i/nf  - A 't 


fi/n„  - 


cos  bj^xe 


0 0 


f 1 


if  e N , 


if  = 0 . 
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i 


Decomposing  any  u e P by 


(2.7) 


u = P^u  . QqU  = V . w,  = T - , 


(I  denoting  the  identity),  wf  get  a system  being  equivalent  to  (2.1): 


(2.8) 


(a)  w - gw  = OqF(>#  V + w) 

0 


(b) 


- Uv  = PjjF(/,  V + w)  . 


This  decomposition  is  called  the  Lyapunov-Schmidt  decomposition  for  equation  (2.1).  If 
we  write  (2.8a)  as 

(2.9)  w - pL.^w  - L ^Q.F{A,  v + w)  = 0,  we  Q D , 

"'o  "'o  “ 


Propositions  1.3,  2.1,  and  the  implicit  function  theorem  yield: 

Proposition  2.2.  There  exist  ^ such  that  equation  (2.8a)  has  a unique  solution 

w = w(u,v)  e D whenever  |u|  < 5 , ||v||  < i,"  *11  II  norm  in  lcer(L  )). 

Moreover,  w(u,0)  = 0,  w is  continuously  Frechet-dif ferentiable  in  D with  respect  to 

(U,v)  and  D,  ,w(g,0)  = 0. 

(U,v) 

We  substitute  this  solution  w=w(p,v)  into  equation  (2.8b)  and  get  the  bifurcation  equation 

(2.10)  pv  + PqF(>.  V + w(p,v))  = 0,  |p|  < 5^,  ||v(|  < 6^  . 

Clenily,  v = 0 is  a solution  for  all  |p|  < 6^.  We  are  only  interested  in  nontrivial 
solutions  (u,v)  bifurcating  at  (0,0). 

Let  V = + c . We  have  to  impose  c ~ that  v is  real.  By  a phase- 

shift  we  can  assume  that  = c = c t K,  which  implies  the  symmetry: 

P P 

(2.11)  v{-|^  - t,x)  = v(-i  + t,x)  . 

Since  our  basic  equations  are  autonomous  and  contain  only  derivatives  of  u with  respect 
to  t of  second  order,  the  subspace  of  symmetric  functions  of  D in  the  sense  of  (2.]1) 
is  invariant  for  the  linear  and  nonlinear  operators.  By  solving  (2.8a)  in  the  subspace 
of  symmetric  functions  we  get  by  uniqueness 

P P 

(2.12)  w(—  - t,x)  = w(—  + t,x) 
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for  all  solutions  w = w()j,v),  whenever  v 


satisfies  (2.11).  This  implies  that  (2.10) 


is  equivalent  to  the  single  equation  in  F: 

(2.13)  VC  + (F(i,v  + w(u,v)),'<!)  = 0 , 

= {'f*  + ifi  )/2,  V = c('^^  + ‘fi  ),  c f F,  Id  < 'Sj  for  some  suitable  > 0.  Defining 


— (F(A,v  + w(u,v)),v>)  for  c * 0 


(2.14) 


N(m,c)  = 


for  c = 0 


we  can  show 

Proposition  2.3.  The  real  valued  function  N : *”'^3''^3*  ^ ^ well  as 

3N 

— = N (ii,c)  are  continuous  and  N(ii,0)  = N (1J,0)  =0. 

3U  U V 

In  fact,  the  continuity  of  N follows  easily  by  the  properties  of  F and  w (see 
Prop.  2.2).  Now,  for  c ^ 0 

= (7  fj  Vi-,v  + w(u,v))  + — f (A  + iJ,-,v  + w(ij,v))D  w(u,v),v;) 

dUCAO  CuO  u 

is  continuous,  and  for  c tending  to  0 we  get  the  limit 


lim 

c-K) 


3N 

3|j 


(iJ,c) 


'^u<^ 


U,-,0)  + + U,  •,0)D^W(U,0)  ,li>) 


0 . 


Thus,  for  c ^ 0,  we  reduced  the  bifurcation  equation  to  the  simple  equation 

(2.15)  U + N (p,c)  = 0 , 

which  has  the  solution  (iJ,c)  = (0,0).  By  N^(0,0)  = 0 the  implicit  function  theorem 
guarantees  a local  continuous  family  of  solutions  parameterized  by  c: 

(2.16)  ()i,c)  = (ij(c),c),  |c|  < 4^,  u{0)  = 0 , 


which  are  obviously  nontrivial  solutions  of  (2.13)  emanating  at  (0,0).  We  therefore 
proved 

Theorem  2.4.  Let  f A.  Then  there  locally  exists  a nontrivial  continuous  branch 

(A(c),u(c),P  ) in  Fx  D X m.  of  solutions  of  (2.1)  which  bifurcate  from  the  trivial 
m + 

solutions  at  (A„,0,p  ) . 

0 m 

To  finish  the  proof  of  our  main  result  we  have  to  show  that  under  the  assumption 
f e C (F  X [0,ir)  X JR)  the  solutions  u(c)  are  not  only  in  D but  classical  solutions 
of  (0.1)-(0.3).  The  following  procedure  is  similar  to  that  in  (6). 


-12- 


We  assume  in  addition  to  (2.3)#  (2.3)^, 

N 

(2.17)  f f c”’'^^(K  X [0,Ti]  X K)  , m > 2 , 

and  define 


~ D {u  € wT(Q),  r u(0,  x)  = — r u(P#x),  j = - l},  m^2  # 

at^  at^ 

which,  endowed  with  the  Sobolev-norm  of  W^(Q),  is  a Hilbert-space.  It  is  known  that 
under  the  additional  ssumption  (2.17)  F restricted  to  IR  x 0 n W^(Q)  maps  into 
D n w^(Q)  (see  13;/,  and  it  is  easily  verified  that  also 


(2.18) 


F * ]R  X 


holds.  Furthermore  F is  continuously  Frechet-dif f erentiable  on  ]R  x p and  satisfies 

(2.4).  Obviously  0 F : TR  x if'  ■*  if'  r\  ker  (L^  )■*■  has  the  same  properties  as  F. 

-1  m 1 m ° 1 

Proposition  2.5.  L,  : D n ker(L,  ) -x  D n ker(L  ) is  bounded  with  respect  to  the 
^0  ^0  ^0 
W^(Q)  -norm  for  all  integers  m ^ 2. 

The  proof  goes  by  induction.  The  case  m * 2 is  covered  by  Proposition  1.3.  Let 

L-  u = u -u  -A^u-qe  n leer  (L,  and  assume  that  Proposition  2.5  holds  for  m. 

Aq  tt  XX  0 ^ Aq 

Then  we  know  that  u f ^ ker  (L  . Let  us  define  u for  t € [kP,(k+l)P]  by 

^0 

u(t,x)  a u(t  - kP#x)  , k € z.  Thus  u is  defined  on  IR  10, tt)  and  the  functions 

u^  = ^ (u(t  + h,x)  - u(t#x))  restricted  to  [0,P1  x t0,iT]  are  in  eP  ker(L,  for 

h A« 

h h h ^ 

all  h ^ 0.  Furthermore  they  satisfy  L.  u = g , where  g is  defined  in  the  same 


way.  By  assumption  we  have 


(2.19)  llu^ll  _ 1 C llg^ll  _ 1 c for  all  h 0 , 

IT  ^ IT  ^ 

the  uniform  bound  c^  being  a consequence  of  g e . If  h tends  to  zero,  estimates 

(2.19)  imply  that 

(2.20)  u^  e o'"  and  ||ujl^^  < ‘^Jl^t'lpm 

^m+l 

holds.  The  identity  -u  = g + A„  " u ^ implies  that — u exists  in  the 

^ XX  0 tt  , m+1 

3x 

distributional  sense,  that  it  is  a L^-function,  and  that 
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^m+1 


(2.21) 


' 3x‘" 


^2<^> 


By  (1.12),  (2.20),  and  (2.2r  we  get  u « l(er(L,  )'^ 


and 


(2.22) 


l""m+l  -‘=411511 

(0)  W"  ^Q) 


Now,  by  the  properties  of 


: BX  X 0^0-"  ^ Qjf 


application  of  t)ie  implicit  function  t)ieorem  to  equation  (2.9)  yields 

Theorem  2.6.  Under  the  additional  assumption  (2.17)  the  bifurcating  branch  (A(c),u(c),P  ) 

— _ fill 

guaranteed  by  Theorem  2.4  is  continuous  in  ]R  x D*"  x jr^. 

In  order  to  get  periodic  solutions  u defined  on  Rx  [0,ir]  we  define  u for 

t e [)cP,  (1<+1)P)  by  u(t,x)  - u(t  - )cP,x)  . By  the  definition  of  £>”'  and  Sobolev's 

2 

embedding  theorem,  m = 4 will  suffice  to  guarantee  classical  solutions  u e C (R  x I0,Ttl) 
of  (0.1)-(0.3).  If  f e c”(Rx  [0,Ttl  x ]r)  then  u e c”(Rx  [0,Tr]). 

We  finish  with  some  remar)cs  on  the  cases  not  considered  here. 


If  Ag  is  irrational  the  )cernel  of  is  two-dimensional  for  any  period 

/2  ^ 

2T</’’n^  - A^.  But  there  is  a stri)<ing  difference  from  the  case  when  A^  is  rational. 

Consider  relation  (1.9).  By  a well  )cnown  number  theoretical  result  for  any  e > 0 we 

can  find  (lc,n)  f K x u such  that  0 < |)c^  - n^(np  - A^)  - A^l  < e.  That  implies  that 
. 1 

|)cer(Lj^  ) has  no  bounded  inverse.  In  this  sense  equation  (2.8a)  gives  rise  to  a 
0 ■'o 

"small  divisor  problem"  which,  in  general,  seems  to  be  very  difficult.  First  we  need 

some  information  how  fast  with  respect  to  ()c,n)  the  "small  divisor"  tends  to  zero. 

There  are  number  theoretical  results  in  this  direction,  depending  strongly  on  the  irrational 

number  A^.  But  in  addition  to  this  difficulty  we  don't  Itnow  a generalized  implicit 

function  theorem  which  applies  directly  to  our  situation. 

Let  A^  be  rational.  If  A^  ^ ^ we  l<now  by  Proposition  1.1 

that  the  kernel  of  L , if  not  trivial,  is  infinite-dimensional.  (For  the  same  reason 
*0 


-14- 


can't  be 


we  excluded  the  case  = 0,  which,  in  case  of  boundary  conditions  (0.2)^, 

reduced  to  an  ordinary  differential  equation  and  is  therefore  an  open  problem.)  Due  to 
the  lack  of  compactness  it  seems  rather  difficult  to  solve  the  inf inite-dimensional 
bifurcation  equation. 


J 

1 
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